The common intrinsic geometry shared by all the null hypersurfaces gives rise to the asymptotic symmetries found on the null infinities I ± and the isolated horizons ∆. In this work, the properties of a null hypersurface are reviewed and the invariance of its intrinsic geometry (n a n b h ab ) is revealed under the spacetime conformal transformation. The generators, i.e., infinitesimal symmetries, of the conformal transformations tangent to the null hypersurface are defined and classified by their effects on the induced metric and the normal vector field. Two particular examples and their symmetries are discussed, that is, the null infinities I ± of an asymptotic flat spacetime, and the isolated horizon ∆ of a black hole. *
I. INTRODUCTION
There has been growing interest in identifying the "asymptotic symmetries" on black hole horizons ∆. These symmetries are similar to the asymptotic symmetries defined on the null infinities I ± discovered by Bondi, van der Burg, Metzner [1] and Sachs [2, 3] in 1960's, and dubbed as the Bondi-Metzner-Sachs (BMS) symmetries. In particular, Hawking, Perry and Strominger [4] proposed that the supertranslations on the black hole horizon might be responsible for the black hole entropy and solve the information paradox [5] .
Several works [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] have also been done to look for the asymptotic symmetries on the black hole horizon using perturbative methods. In Ref.
's [19, 20] , the universal structure of the asymptotic Killing horizon is identified and used to formulate the asymptotic symmetries from a geometric point of view.
To certain extent, the very existence of the similar symmetries on ∆ and I ± is due to the intrinsic geometry shared by all null hypersurfaces. This work will attempt to reveal the common intrinsic geometry that leads to the similar symmetries on I ± and ∆. The null hypersurface is different from the non-null ones (timelike and spacelike) mainly in two aspects: 1) Its induced metric h ab is degenerate, so it is not sufficient to define its intrinsic geometry using merely h ab , while the induced metric of a non-null hypersurface is nondegenerate, so its intrinsic geometry can be completely characterized by its induced metric.
2) The normal vector n a of a null hypersurface is also tangent to itself, but that of a non-null hypersurface does not belong to the tangent space of the non-null hypersurface. Therefore, n a also reflects the intrinsic geometry of the null hypersurface. In contrast, the normal vector to a non-null hypersurface describes its extrinsic geometry, i.e., how the hypersurface is embedded in an ambient manifold.
Although the degeneracy of the induced metric of a null hypersurface seems to make it impossible to access its intrinsic geometry, the combination of the induced metric and the normal vector Γ ab cd = n a n b h cd [21] fully grasps the geometry of the null hypersurface.
Moreover, this object possesses more symmetries than the spacetime metric g ab , even if there are no spacetime symmetries at all, because it remains invariant under the conformal transformation,
These symmetries form an infinite dimensional group, which is called BMS group for the null infinities I ± [1] [2] [3] , and the horizon BMS group for the isolated horizons ∆.
In fact, the conformal symmetry is not the essential ingredient for General Relativity (GR) and some alternatives to GR, e.g., Horndeski gravity [22] and Einstein-aether theory [23] . It is a symmetry of a "superspace" which is a collection of spacetimes (M, g ab ) equipped
with null hypersurfaces (N , Γ ab cd ). For any pair of spacetimes (M 1 , g
ab ) and (M 2 , g
ab ), there exists a diffeomorphism ψ such that ψ(N 1 ) = N 2 and the pushforward ψ * Γ (1)ab
ab cd ) the invariant structure for N 1 (N 2 ). In this sense, ψ is a symmetry on N .
In the present work, the intrinsic geometry of an arbitrary null hypersurface is identified and its invariance under the conformal transformation defines the asymptotic symmetries of the null hypersurface. The generators of the asymptotic symmetries form an Lie algebra donated as bms, which contains an infinite dimensional Abelian ideal t consisting of supertranslations. Two special examples of the null hypersurface are considered, i.e., the null infinities I ± and the isolated horizons ∆. For these examples, the quotient algebra l = bms/t is isomorphic to the 6-dimensional Lorentz algebra. bms thus resembles the Poincaré algebra in the flat spacetime and the conserved charges associated with these symmetries can be meaningfully defined.
This work is organized as follows: Section II will be devoted to the discussion of the general properties and the symmetries of a generic null hypersurface N by reviewing and generalizing Geroch's treatment of the asymptotic symmetries on I in Ref. [24] . Sections III and IV discuss the special properties of the null infinities I ± and the isolated horizon ∆ to explicitly construct the infinitesimal symmetries, respectively.
For simplicity, the null infinities I ± will be donated as I , for I − shares the similar structure with I + . Penrose's abstract index notation [25] is used in this work.
II. THE NULL HYPERSURFACE AND THE SYMMETRIES
Both the isolated horizons ∆ and the null infinities I share some similarities, so it is appropriate to study the structures and symmetries of a generic null hypersurface N . This section reviews and extends Geroch's approach [24] . In his original treatment [24] , the null hypersurface N is I . However, in the present work, N is a general one, and the only essential ingredients for the existence of the asymptotic symmetries are discussed.
A. Basic setup
Let (M, g ab ) be a spacetime, and an embedding φ : M →M induces the conformal transformation,g
where φ * is the pushforward induced by φ, Ω :M → R is a smooth function and called the conformal factor. The manifold (M ,g ab ) is called the unphysical spacetime. A further conformal transformation can also be made, and will bringg ab tõ
with ω a smooth, nonvanishing function onM . This reflects the gauge freedom in choosing a conformal factor. Let the covector field n a be the normal covector to N . There is also a gauge freedom in choosing the normal covector as n ′ a = ωn a is also normal to N . In order to emphasize the important role of the intrinsic geometry of N , it is convenient to consider N as the image of an inclusion i of some 3-dimensional manifold N intoM . The intrinsic geometry of N is completely captured by N via the pullback map i * . However, not all the tensor fields onM can be pulled back by i * to N. The functions f :M → R and (0, l)-type tensors onM can be pulled back, as i * is equivalent to restriction, e.g., i * f = f • i, and i * n a = 0. If a vector fieldṽ a is tangent to N , i.e,ṽ a n a = 0, it can be pulled back, and the result is denoted byv a = i * ṽa . In particular,ñ a =g ab n b can be pulled
satisfies the property that for any
..a k ) = 0 holds, then its pullback is defined according to
whereμ a 1 ...a k is also arbitrary. The pullback i * commutes with the Lie derivative, so
..a l provided thatṽ a is tangent to N . The pullback also commutes with the exterior derivative d a . In the following, the pullback of a tensor field will be hatted.
Letĥ ab be the pullback ofg ab , i.e.,ĥ ab = i * g ab .ĥ ab can be viewed as the induced metric on N and is degenerate, asĥ abn b = i * (g abñ b ) = 0. Defineĥ ab to be the "inverse" ofĥ ab in the sense thatĥ acĥ cdĥ db =ĥ ab .
Soĥ ab is unique up to an addition of 2v (anb) withv a n a = 0. In fact, the geometry of N is characterized byn a andĥ ab , and the combination Γ ab cd =n anbĥ cd is an invariant tensor under the conformal transformation,
The symmetry of N is defined as a diffeomorphism ψ :
If a vector fieldξ
a on N generates such kind of diffeomorphism, it is called an infinitesimal symmetry and satisfies,
All diffeomorphisms preserving Γ ab cd form a group donated as BMS, and its Lie algebra bms consists of the corresponding infinitesimal symmetries (e.g.,ξ a 1 ,ξ a 2 ) with the Lie bracket given by Lξ
. The necessary and sufficient condition for a vector fieldξ a ∈ bms is that there exists a function ζ : N → R such that
Despite the degeneracy ofĥ ab , a covariant derivative can still be defined on N. For a covector fieldμ a withμ an a = 0, the covariant derivative D a is defined in terms of the exterior derivative d a and the Lie derivative in the following way,
where ∧ donates the wedge product, and the vectorμ a =ĥ ab µ b in the subscript of the Lie derivative is ambiguous, but there is no ambiguity in the covariant derivative due to Eq.(13).
The generalization to (0, l)-type tensors is straightforward.
B. Supertranslations
Sincen a is a special vector field tangent to N, it is tempting to ask whether it is an infinitesimal symmetry. In general, this is not true. As a matter of fact, let Lnĥ ab = 1 2θĥ ab +σ ab whereθ is the expansion andσ ab is the shear of the null geodesic congruence of the generators of N. Under the gauge transformation (6) , it can be shown that,
soθ
Accordingly, ifσ ab = 0, a gauge transformation (6) with Ln ln ω = − 1 2θ
will make sure that 
This gauge fixing will be imposed in the following discussion. More generally, αn a is also an infinitesimal symmetry if and only if Lnα = 0. These kind of infinitesimal symmetries are called the infinitesimal supertranslations. For an infinitesimal supertranslation, α remains constant along the integral curves ofn a , so does ζ for an arbitrary infinitesimal symmetrŷ ξ a in Eq. (8) . The infinitesimal supertranslations constitute a subalgebra t of bms. Since α is an arbitrary function, t is infinite dimensional. In addition, t is an Abelian subalgebra t of bms because
Moreover, it is an ideal of bms since for an arbitraryξ a ∈ bms,
on the right side of which, the factor can be shown to be constant along the integral curves
C. The infinitesimal Lorentz algebra
Since t is an ideal of bms, the quotient l = bms/t is well-defined and consists of equivalent classes of the infinitesimal symmetries whose elements differ from each other by some infinitesimal supertranslations. The properties of elements of l can be understood using the covariant derivative defined on N. It can be easily checked that anyξ a ∈ bms satisfies the following relations,n A natural fiber bundle structure of N can be identified. The base manifold S is a cross section of N withn a normal to it, and any integral curve ofn a intersects S once and only once. The one-parameter diffeomorphism induced byn a serves as the projection map π.
The metricĥ ab is the pullback of a suitable positive-definite metric q ab on S, i.e,ĥ ab = π * q ab , and the covariant derivativeD a is also the pullback of the covariant derivative D a on S compatible with q ab . The pushforwards ofξ a andξ ′a will be the same ifξ a =ξ ′a + αn a for some function α with Lnα = 0, and π * ξ a = π * ξ ′a = ς a are the solutions to the pushforward of Eq.(16), i.e.,
where ζ is viewed as a function defined on S as Lnζ = 0. This implies that π * ξ a are the conformal Killing vector fields for q ab . Since a 2-dimensional manifold equipped with an Euclidean metric is locally conformal to a flat space [26] , π * ξ a are generators of the conformal transformation on the 2-dimensional manifold, and so l is isomorphic to Lorentz algebra [27] . In particular, when N is I or ∆ (to be discussed below), the cross section S has a topology of a 2-sphere, so l is isomorphic to the Lorentz algebra, too. Therefore, bms can be viewed as an enhanced Poincaré algebra.
In the next two sections, the infinitesimal symmetries on the null infinity I and the isolated horizon ∆ will be identified and expressed in certain coordinate systems. In the following discussion, the distinction between N and N will not be spelled out. The restriction of a tensor field on N will be understood as the pullback to N via i * , if it can be pulled back.
III. ASYMPTOTIC SYMMETRIES ON I
A. The null infinity I
The asymptotic symmetries exist on I as a consequence of the asymptotic flatness of the physical spacetime (M, g ab ). Roughly speaking, a spacetime (M, g ab ) is said to be asymptotically flat at the null infinity I if there exists an embedding ψ : M →M from M into the unphysical spacetime (M ,g ab ) andg ab = Ω 2 ψ * g ab with Ω a function onM such that Ω = 0
and ∇ a Ω = 0 on I . The physical spacetime is bounded by I and the spatial infinity i 0 . All null geodesics either come from the past null infinity I − or end on the future null infinity I + , and all spacelike geodesics end at the spatial infinity i 0 .g ab and Ω should be smooth onM except at i 0 . In addition, the topology of I should be S 2 × R, and certain causal conditions should be satisfied. More detailed definition of an asymptotic flatness on the null infinity can be found in [26, 28] .
By definition, the nonvanishing of the gradient of the conformal factor Ω on the null infinity I suggests that the normal covector is naturally chosen to be n a =∇ a Ω. The smoothness condition imposed ong ab and Ω, together with the vanishing of matter stressenergy tensor near I , implies that n a is null. It transforms properly according to 
where all quantities on both sides are evaluated at the null infinity I . This leads to
with Ω ′ = ωΩ. In the following, the Bondi gauge is chosen, and primes will be dropped. The Bondi gauge is equivalent to Lñg ab | I = 0 and∇ a∇b Ω = 0.
The second one implies that n b∇ b n a = 0, i.e., the integral curves ofñ a are affinely parameterized geodesics on I , also called the generators of I and they are also complete by the definition of the asymptotic flatness.
In the Bondi gauge, the Lie algebra bms I of infinitesimal symmetries includes αñ a with Lñα = 0 according to the general discussion in Section II. αñ a are the infinitesimal supertranslations on I and constitute the supertranslation Lie algebra t I on I . Since the topology of I is S 2 × R, the quotient Lie algebra l I = bms I /t I is isomorphic to the Lie algebra of the conformal Killing vector fields on a 2-sphere, i.e., l I is the Lie algebra of the infinitesimal Lorentz transformations on I .
B. The infinitesimal symmetries on I
The explicit form of an infinitesimal symmetry can be obtained by working in the BondiSachs coordinates (u, r, x A ) with A = 2, 3. In this coordinate system, the metric takes the following form [29] ,
where β, V, U A , g AB are functions of the coordinates, whose forms are to be determined by Einstein's vacuum equations with the following appropriate asymptotic behaviors,
and g AB is assumed to have the following asymptotic behavior,
where γ AB can be taken to be the unit 2-sphere metric, i.e.,
where z = e iφ cot θ 2
andz is the complex conjugate of z.
In this coordinate system, the null infinity I is at r → ∞. A conformal completion with Ω = 1/r brings I to a finite coordinate value Ω = 0, and the metric is
The normal covector to I is n a =∇ a Ω, and
The restriction ofg ab gives rise to the induced metrich ab ,
Here, the asymptotic behaviors Eq.(21) have been taken into account. This expression implies that the induced metric can be viewed as the round metric of a unit 2-sphere. It can be easily checked that the Bondi gauge is satisfied, asg ab n a n b /Ω| I = 0.
Therefore, the supertranslations are given by the following vector fields on I ,
where α is an arbitrary function of variables z,z. Now, letξ
a be the infinitesimal Lorentz transformation, so it satisfies Eq.(8). The second relation implies that
where ξ A is viewed as a vector field tangent to the cross section S of I . In addition, ξ z = ξ(z) and ξz =ξ(z). Therefore, the infinitesimal Lorentz symmetry is represented by,
In summary, a general infinitesimal symmetry is thus given by,
where α = α(z,z), ξ z = ξ(z) and ξz =ξ(z) are arbitrary functions. The Lie bracket of two infinitesimal symmetriesξ
a , whose components are,
Indeed, ξ A 3 is a conformal Killing vector field for γ AB , as its components are
which are functions of z orz, respectively.
Following [29] and allowing α and ξ A to be holomorphic functions on the Riemann sphere, expand them in Laurent series as follows,
where l, n, m are all integers, the commutation relations become,
Therefore, two copies of Witt algebra (38) is contained in the bms I . Among these infinitesimal symmetries, α 0,0 , α 0,1 , α 1,0 , α 1,1 generate translations, while ξ −1 , ξ 0 , ξ 1 andξ −1 ,ξ 0 ,ξ 1 generate the global conformal transformations on the Riemann 2-sphere [29] . These generators enable the definitions of the energy, momentum and angular momentum at the null infinity I .
In the usual approach, e.g., [29] , the infinitesimal symmetries ξ a are obtained by requiring that,
that is, the transformation generated by ξ a preserves the asymptotic behavior of the metric g ab . Solving these relations gives the components of ξ a near I ,
where Y A is the conformal Killing vector field for γ AB with Y z = Y (z) and Yz =Ȳ (z). To obtain the infinitesimal symmetries, take the limit of r → ∞ and drop the diverging ξ r to result in,
which agrees with Eq.(31). This result is expected because LξΓ ab cd = 0 is equivalent to [24] (
So the variation of g ab induced by the flow of ξ a is at most of the order O(1/Ω), i.e., O(r).
IV. ASYMPTOTIC SYMMETRIES ON ∆

A. The isolated horizon ∆
A black hole in an asymptotic flat spacetime (M, g ab ) is a region from where no particle will arrive at the future null infinity I + . The boundary of the black hole is called the event horizon, which is a global concept. This global nature narrows the application of the event horizon, e.g. it cannot be defined in a spatially compact spacetime. The concept of the event horizon is also teleological, which makes it less practical [31] . So some quasi-local notations of black hole horizon have been proposed, and among them, isolated horizons [32] [33] [34] [35] [36] [37] [38] [39] [40] and dynamical horizons [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] are suitable for describing equilibrium and dynamical black holes.
In this work, the focus is mainly on the symmetries on the isolated horizon, as it is a null hypersurface, but the dynamical horizon is spacelike. In addition to being null, the isolated horizon is also a non-expanding horizon [53] , that is,
where n a is the normal vector field to ∆ and h ab is the induced metric of the physical metric g ab . This relation is equivalent to the statement that the area of the cross section S on ∆ does not change following the flow of n a ,
withǫ ab the induced volume element on S satisfying n bǫ ab = 0. This explains the nomenclature.
Under the conformal transformation Eq.(2), the covector field n a is required to transform according to,ñ
which implies thatñ a = Ω −1 n b . The induced metrich ab of the unphysical metricg ab which transforms according toh
ab , so there exists an gauge invariant structure Γ ab cd = n añbh cd . Its symmetries can be called asymptotic horizon symmetries, and the corresponding vector fields generating these symmetries are the infinitesimal horizon symmetries.
In fact, the "Bondi gauge" condition is already satisfied without further making a gauge transformation (6) . However, it is still interesting to study the gauge transformations preserving the Bondi gauge. The conformal transformation Eq.(2) violates the non-expanding condition Eq.(48), as
Although the last two terms vanish when restricted on ∆, the first one does not in general. Now, choose a conformal factor such that L n Ω = 0, and the Bondi gauge is recovered. So the following analysis will be done in the original gauge, i.e., Ω = 1.
There must exist infinitesimal horizon symmetries. Indeed, let ξ a = αn a . It can be easily shown that L ξ h ab = 0. Therefore, in order for ξ a be an infinitesimal horizon symmetry, it is necessary that
It means that α remains constant along the integral curves of n a on the horizon ∆. This is reminiscent of the supertranslation for I when the Bondi gauge is chosen, so αn a can be called the infinitesimal horizon supertranslation.
The infinitesimal supertranslations αn a constitute a Lie subalgebra named t ∆ , an Abelian ideal of bms ∆ . By the definition of the isolated horizon ∆, the cross section S is diffeomorphic to a 2-sphere, so by the discussion in the last paragraph in Section II, the quotient algebra l ∆ = bms ∆ /t ∆ is isomorphic to the 6-dimensional Lorentz algebra.
B. The infinitesimal symmetries on ∆
In order to express the infinitesimal symmetry ξ a in an explicit form, a coordinate system need to be constructed. First, foliate the isolated horizon ∆ by its cross sections S u where u is a level function and constant on S u , and
Choose one of them, say S 0 , which can be charted by an atlas of coordinate systems x A (A = 2, 3). The flow of n a will carry the coordinate systems of S 0 to each cross section S u , so that locally, the horizon ∆ is coordinatised by (u, x A ). Second, let l a be the ingoing, future-pointing null vector field on ∆ such that it is normal to S u and normalized according to l a n a = −1. Smoothly extend l a off the horizon such that the vector field l a satisfies the geodesic equation, and is affinely parameterized by ρ, that is, l a = −(∂/∂ρ) a and ρ = 0 at ∆. The flow of l a will map the coordinates (u, x A ) of ∆ to a nearby hypersurface on which ρ is constant. Therefore near the isolated horizon ∆, the spacetime metric can be expressed in the ingoing Gaussian null coordinates (u, ρ, x A ) [54] ,
Here, q AB is the induced metric on the cross section S u on ∆, ω A is the connection 1-form on the normal cotangent bundle of S u , κ is the surface gravity for n a and k AB is the extrinsic curvature of S u for l a . Finally, the ellipses stand for higher order terms in ρ.
The induced metric on the isolated horizon ∆ is thus given by
and is Lie-dragged by the flow of n a , i.e., Eq.(48), so
which means that q AB is not the function of u. Locally, q AB can always be put in the following form,
where Φ > 0, if a pair of conjugate harmonic function x C is chosen as the coordinates, and γ AB is given by Eq.(23).
Therefore, the infinitesimal horizon supertranslation is given by
Let ξ a ∈ l ∆ , then the second condition in Eq. (8) implies that
The first condition in Eq.(8) determines the forms of ζ and ξ A ,
where D A is the covariant derivative compatible with γ AB . Therefore, the infinitesimal Lorentz transformation is given by,
In summary, an arbitrary infinitesimal horizon symmetry is expressed as,
where α = α(z,z), ξ z = ξ(z) and ξz =ξ(z). The Lie bracket of two infinitesimal symmetries
ξ A 3 is a conformal Killing vector field for q AB , as its components are also given by Eq.'s (34) and (35) .
If it is also permissible to expand α and ξ A in Laurent series on the Riemann sphere as follows, 
Therefore, two copies of Witt algebra are also contained in the bms ∆ . By analogue, α 0,0 , α 0,1 , α 1,0 , α 1,1 generate translations, while ξ −1 , ξ 0 , ξ 1 andξ −1 ,ξ 0 ,ξ 1 generate the global conformal transformations on the Riemann 2-sphere. These generators also make it possible to define of the energy, momentum and angular momentum at the isolated horizon ∆.
V. CONCLUSION
In this work, the asymptotic symmetry of a null hypersurface N is investigated based on the method inspired by the geometric treatment of Geroch [24] . The key concept in Geroch's treatment is the conformally invariant tensor Γ ab cd which fully describes the intrinsic geometry of the null infinity I by incorporating its normal vector field and the induced metric.
The infinitesimal symmetry is thus defined as the vector field tangent to the null infinity I generating the conformal transformation. This method has been easily extended to other null hypersurfaces, in particular, the isolated horizon ∆. The infinitesimal symmetries form an infinite dimensional Lie algebra bms. It contains an Abelian ideal, which is called the supertranslation Lie algebra t. It consists of tangent vector fields parallel to the generators of N , whose flows preserves the induced metric as well as the generators. The quotient algebra is the asymptotic Lorentz algebra l, which is isomorphic to the Lorentz algebra, just as its name implies. This enlarges the Poincaré algebra. As special examples, the asymptotic symmetries of the null infinity I and the isolated horizon ∆ are discussed. This approach yields the similar asymptotic symmetry generators as obtained using perturbative methods, previously.
